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In this paper a boundary value problem for the heat equation with solution- 
dependent boundary conditions is examined in the case when the dependence 
is of stochastic type. 
In an earlier paper [3], a boundary value problem for the heat equation 
was examined, in which a deterministic relation was imposed between 
the interior and boundary values of the solution. In this paper we turn 
to the case when this relation is of stochastic form. In Section 1 we introduce 
the notation to be used and define our problem. In Section 2 various lemmas, 
necessary for our later work, are presented. The existence of a solution to the 
problem is proved in Section 3. In Section 4 we turn to the asymptotic 
behavior of the solution and its connection with the solution to a dctcr- 
ministic problem. 
1. NOTATION AND STATEMENT OF THE PROBLEM 
Following the work of [3], we will examine the heat equation 
ut = %, (1) 
for a function II -= 11(x, t) defined for t > 0, x > 0; we adjoin to (1) the 
initial condition 
24(x, 0) = f(x). (2) 
Here f(x) is a given continuous function of x for which 
I fj(x) dx c:. co. 
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Let x0 > 0 be a given fixed point. Then the boundary condition for x = 0 
will be chosen of the form 
up, t) = F(u(x, , t>, t). (4) 
In [3], F, j represented given deterministic functions. In contrast to this 
earlier work, we will now assume that F represents a time-dependent 
stochastic process F = F([, t), -cc < 5 < cc, t > 0, which for every 
value of 5, t constitutes a random variable, while for each value x > 0, 
j(x) is a random variable. In this case, the problem (l)-(4) yields as its 
solution a random function u(x, t) arrived at after the introduction of variable 
solution-dependent “noise” via F. Such would be the case for a thermostat 
control unit whose performance differs for differing temperatures and 
exhibits a process of ageing. Within the context of this paper, a solution 
will constitute a stochastic process found in a space of such processes which 
have bounded second moments. We will USC the following notation. 
DEFINITION. We will let (Q, A,p) denote a probability measure space, 
where Q is a nonempty set known as the sample space, A a u-algebra, and 
p a complete probability measure on A. R+, R will represent the positive 
real number line and the real number line, respectively. L,(Q, A,p) will 
denote the collection of all random variables x on the measure space (52, A, p) 
with bounded second moments 
E[x”] = I, x2 dp < 30. 
The norm of x in the spaceL,(Q, A, p) is 
] x Ir, = (E[X2y2. (5) 
DEFINITION. By C = C(R+,L,(Q, A, p)) we will denote the Banach 
space of all real-valued random functions x(t) satisfying the following condi- 
tions (see [6]): 
(HI) x(t) EL~(Q, A,p) for all t E R+, 
WI SUPGO Q4~)21 < 00, 
(H3) E[x(t + h) - x(t)12 + 0 as h -+ 0. 
The norm in C is defined by 
1 x Ic = sup I WL,o?.“.s) < co. 
00 
(6) 
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DEFINITION. By C(RxR+, L,(Q, A, p)), C(R+xR-, La(Q, A, p)) we denote 
respectively the collection of random functions F(f, t) belonging for all I, t, 
to L,(R, A, p), where (f, t) E (RxR-), (6, t) E (Rf, Rf), respectively. 
We will consider the following problem: Given a function F(f, t) such that 
(Al) F([, t) belongs to C(RxR+, L,(Q, A, p)) and satisfies a uniform 
Holder condition of the form 
I F(S, , f, , fJJ) - F(5, > t2 9 w>. =G G(w) I 51 - 52 P2 + L(w) i 4 - f, Y2 
with G2, L2 EL~(Q, A,p), G(w) > 0, L(w) 2 0. We seek a function 
U(X, 1) E C(RxR+, L,(Q, A, p)) such that 
(a) 11(x, t) is a continuous function with respect to x and t in L,(sZ, A, p): 
E(u(x, f + h) - ?4(x, f))2 * 0 as h-0, 
E(u(x + h, f) - 24(x, f))2 -+ 0 as h + 0. 
(b) There exists a stochastic function u,(x, f) such that 
Jfw4x, t + 4 - 4x, q/h) - %(X7 q2 + 0 as h-+0 
and u,(x, f) E C(RxR+, L,(Q, A, p)). 
(c) There exists a stochastic function IL&X, f) E C(RxR’, L.&J, A, p)) 
such that 
E(((u(x + h, t) A u(x - h, t) - 2u(x, t))/h2) - 11,+(x, t))’ + 0 
ash-to. 
(4 u, = II,, a.e. in Q. 
(e) 11(x, 0) = f(x), where f(x) belongs to L,(Q, A, p) for each x and the 
integral 
PI) 
& j-mf(x’) le- (x qfx’)’ - e- (x 2”‘* 1 dx’ z= h(x, f) 
0 
exists. Here the integral in Bl is a stochastic integral (see [6]) and 
h(x, t) E C(R+xR+-, L,(Q, A, p)), while for each x, h(x, f) E C(R+, L,(Q, A, p)). 
(f) u(0, f, w) = F(u(x o, t, w), t) a.e. for x0 > 0 a fixed point. 
2. SOME FUNDAMENTAL LEMMAS 
LEMMA 1. Let y(f, w), w E Q, t 3 0, be (I function which for all t > 0 
beZongs to (52, A,p). Then X,(t) 7 F(y(t, w), t, w) is u random Fariuble for 
all t. 
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Proof. For fixed t, y(t, W) is a random variable defined on the space 
(Q, A,p); hence [5], there exists a sequence of discrete random variables xk 
for which xk(w) + y(t, w), w E 52. For fixed K, define X, = F(xk(w), t, u); 
clearly, X, is a random variable since the set B, ::: [a~: X,(w) < a] for 
01 E R belongs to the o-algebra A. B, is the union of countably many 
measurable sets B, = (Ji”r (w/F(uj , t, W) < a}. Here, F(aj , t, w) is a random 
variable and uj is the set of values of xk . By the Holder continuity and 
from the convergence of .Q(w) to y(t, W) we obtain 
X,(w) = qxrc(W), h w) - F(Y(b, WI, 4 w) = X,(4 
for each w E 52, which implies that X,(t) is a random variable. 
To obtain more useful results about X,(t), we will need the following 
assumption: 
(A2) For each y(t) E&(Q, A, p), there exists a positive continuous 
function H such that 
(9 WYy(f, ~1, 4 ~11 ,< W * WA6 w)), 
(ii) H(r) = O(P). 
Then we will prove the following 
LEMMA 2. Suppose Al-A2 hold and C(t) is bounded, then X,(t) = 
F(y(t, w), t, W) belongs to L,(Q, A, p) for each t > 0 and y(t, w) EJ&(Q, A, p). 
Proof. Let y+(t) = max(y(t), 0), y-(t) = min(y(t), 0). From Lemma 1, 
X,(t) is a random variable, and from (A2) we obtain 
= =$ C(t) j WY+(~)) 4 L yg C(t) s,+<. WY+(~)) 4’. (7) 
Vf>U \ 
From the continuity of H we obtain 
I H(y+(t)) dp < NP(y+ < CL) for every fixed p. (8) v+<u 
For the second term, from A2 we obtain 
I Y+>U WY+) 4 = ( f- - v+>lr (WY+) - dy+* dp + d jy+>v~+2 4 1 
< cp[y+ > p] + dEy+(t)* < c f dEy(t)*. (9) 
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Here, d > 0 is a constant such that lim,,,(H(t) - dt*) = 0, and l > 0 is 
arbitrarily small, hence 
WY(~)) = j-rj>o WY(~)) 4  +s,tt,<, WY(~)) 4 < 3~ + d&W*) (10) 
and 
EX,“(t) < 2 sum C(t)(c -1.. dE[y(t)2]) < cc. (11) 
COROLLARY 1. Assume Al-A2 ; let C(t) be bounded and suppose 
r(t, w) E W--, L,Pn, A, P)). i-hen 
su; [E(Xy(t)*)y2 < 03 joy aev Y E C(R +, L2(Q, A, ~1). (14 
P~ooj. From (II), 
[EX,,(t)*ll,‘* < (sup C(t))1,z v.2 (c + dE(y(t)*))‘:’ 
< (:.I C(t))‘:* v’\iz V’T t- ti.2 d/d (sup C(t))“” 1 y(t)&. 
Hence 
sup [EX,(t)*]“* d t’2 v 2 ‘“,g c(q)‘,* 1 y Ic . (13) 
t>lJ 
LEMMA 3. Assume Al-A2 hold while y(t) E C(R+, L,(Q, A,p)). Then 
X,(t) = F(y(t, w), t, W) belongs to C(R:, L2). 
Proof. From Lemma 1, X,(t) is a random variable, and from Lemma 2 
X,(t) EL,(Q, A,p) for each t > 0. Moreover, supl>0[EXy(t)2]1/2 < 30; the 
continuity of X,(t) is seen as follows: Clearly, 
ww + h) - w))*l 
From Al, 
= E[F(y(t + h, w), t + k w) - 5% w), t, wN’1. (14) 
E{(X,(t i- h) - &(t))*) < @G(w) I At + h) - y(t)l”* + Lb) h1’*12 
< (EG”)‘l’{E(y(t + h) - y(t))‘}‘/’ 
+ 2h{E 1 y(t -j-- h) - y(t)1 E(G*L*)}“* + hEL*. 
(15) 
But since G2, L* E L,(Q, A, p) and y(t) E C(R+, L*(Q, A, p)), we see that as 
h-0 
E(X,(t + h) - X&t))” + 0. (16) 
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Hence, we obtain 
X,(t) E C(R+, L,(Q, 4 P)). 
Before we prove the existence of the solution to the problem, let us examine 
some particular functions F($, t, W) satisfying Al-A2: 
(I) F(& t, w) = C(t)(D(w)t + B(w)) and B*, D* EL~(Q, 4 P), C(t) is 
Holder 01 = l/2 and bounded. Then, clearly, F(e, t, W) satisfies Al-A2. 
(II) F(5, t, w) = D(w) cm 05 + B( w sin 04, where (I is a real constant. ) 
Here D, B are uncorrelated real random variables and D*, B* EL, . It is 
obvious that F([, t, w) satisfy Al-A2. 
(III) F(t, t, w) = C(t) & (D, cos u,f + B, sin u& and C(t) is bounded 
and satisfies the Holder condition with a = l/2; clearly, F satisfies Al-A2. 
(IV) F([, t, w) satisfies Al; moreover, if F(0, t, w) = 0, t > 0, w E Q, 
then E(F(y(t, w), t, w)*} < (EG4)1’2(Ey2)1:2. 
3. THE EXISTENCE OF A SOLUTION 
By reduction of the problem (l)-(3) to a stochastic integral equation 
(see [4]), we obtain 
u(x, t, w) = h(x, t, w) + j” K(x, t - T) F(u(x,, , T, w), T, w) dr, (17) 
0 
where 
K(x, t - T) = (42 \/ii) e-s*/4(t-r)/(t - T)~:* (18) 
for his properties (see [3]), and 
44 tt w) = +m j:f(d, w) le- (x - q 4t _ e- (x + X’Y dx’ 
I 4t * (19) 
Let y(t) denote the stochastic solution at the point so, y(t) = u(x~, t); then 
Y@) = 4(t) + jot f% , t - 7) F(~(T), 7, w) dT, 
where 4(t) = h(xo, t) is a stochastic function. 
(20) 
We will prove the existence of a solution of (20) belonging to 
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C(R+, L,(Q, A, p)). This implies (see [4]) that u(x, t, w) satisfies Eq. (d), and 
it is easily seen that u(x, f, w) satisfies the conditions (a)-(f). 
THEOREM 1. Assume that 4(t) E C(R’-, L,(L?, A, p)) and that F(.& t, w) 
satisfies Al-A.2 and 1 G2 IL8 < 1. Then there exists a uniqrre solution given 
by a stochastic process belmging to C(R+, L,(Q, A, p)). 
Proof. We will use the Banach fixed 
P 
oint theorem. The operator T 
defined on C(R+, L,(Q, A, p)) by TX = j,, K(x,, , t - T) X(T) dr is a linear 
operator and for .r E C(R+, Lr(Q, A, p)), Tx E C(R+, L,(Q, A, p)), since 
1 TxjL, := I~“~K(x,,t-r)x(r)~LI$~~~Ix~LIK(.~~rt-~)dr 
< 1x;c k(xo,t-T)dT < IXIG. 
I (21) ” 
(See [I, 31.) 
Let U be the operator on C(R’, L,(Q, A, p)) given by 
Cy - +(t, w) + I,’ K(x, , t - T)F(Y(T), T, w) dr. 
From Lemmas l-3, F(y(r, w), T, w) E C(R-, L&2, A, p)) whence 
uy E C(R’, L&2, A, p)), 
and from Al 
(22) 
Hence 
4. THE ASYMPTOTIC BEHAVIOR OF THE SOLUTION 
In this section we will examine the asymptotic behavior of the solution 
and its relation to the deterministic solution. First, we will consider the 
following theorem. 
THEOREM 2. Suppose that f(x) = 0 a.e. Moreover, assume that Al-A2 
are satisfied, 1 G2 1 < 1, and that sup,>, C(T) 2d < 1. Then y(t, w) = 0 a.e. 
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Proof. From the integral equation (20), we obtain [6] 
EYV> I= jot jo* ( K xc, , t - 7) K(x, , t - s) W(Y(T, w), 7) F(y(s, w), 4) do 4 
using the Schwartz inequality we have 
(24) 
E[y2(t)] < /Iof K(xo , t - T)(EF~(Y(T, w), .>)1’2 dTi2; (25) 
and from A2 and (11) 
Ey2(t) < 2 sug C(T)d max Ey(T)2 + O(e). (26) 
The maximum exists since Ey2(t) is a continuous function of t and therefore 
is bounded 
Hence, 
SUII Ey(T)2 = SUP [mm @(T)2]. 
t>o OST<t 
(27) 
which implies for each t > 0, Ey2(t, W) = 0, and, hence, y(t, w) = 0 a.e. 
For the asymptotic behavior we consider the following theorem. 
THEOREM 3. We assume that Al-A2 hold and that 
(i) E$(t, 0~)~ + 0 us t -+ co, 
(ii) jz c(T) dT < Co. 
Then, 
Ey(t, co)2 + 0 as t-co. 
Proof. From the integral equation (20) we obtain 
EJ’(tj2 = E[42(t)] + 2E [4(t) o Jot K(xo , t - 7) F(y(T, w), T) d’] 
+ E (1,’ Wo , t - T) F(y(T, ‘J’), T) d7)‘. (28) 
From Theorem 2 WC know that the third term is bounded, and from the 
Schwarz inequality we obtain 
E(y(Q2 < E(W2 + 2(@(t)2)1’2 IE (j-o’K(.vo > t- T)F(y(T, w), T))2/1’2 
+ E (J^b K(xo a t - 7) F(y(T, W), T) 
1 
2 
. (29) 
34~ S/3-4 
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The first and the second term tend to zero for large t from (i). For the third 
term, we find as in Theorem 2 and Eq. (I I) 
E Is,’ K(x, , t - T)F(Y(T. w), T);l 
< 
IJ 
-‘K( 
0 
xg , t - T)[EF’(Y(T, w), T)]l;2(2 
d 1.i 0 
’ K(a, , t - T) C(T)‘:’ (Efi(y(~)))~~~j’ + O(E). 
Hence, by the Schwarz inequality, 
E 
(S 
t K(x,, t - 7)F(y(7, w), 7)” 
0 
< (4d2)‘j2 f ’ (K(w, , t - T))’ Iof C(T) Ebb dr + O(e), 
‘IJ 
and so for large t, 
EYE < O(E) -j-- 2d 1’ C(T)(E~(T)LL) dr. 
0 
From (ii) and Ref. [2], 
i?~(t)~ < O(r) exp 2d IL C(T) dT. 
0 
Therefore, lim EYE - 0 as i + CL), thus completing the proof. 
(30) 
(31) 
(32) 
(33) 
We will now turn to the asymptotic behavior of the solution and its connec- 
tion with the deterministic problem. From the nonlinearity of F([, t, w), 
it is clear that, in general, the solution of the averaged equation is not the 
average solution of the random equation in our problem. Specifically, we 
will consider the following problem: 
Averaged problem. Find II = u(x, t) such that 
(4 f4 = u,, 1 
(4 40, t) = EWx, , th t) = J’oW, , 11, t), 
where EF(f, t) = F,(t, t), 
(t) u(x, 0) = Ej(x) I-fo(x). 
This is a deterministic problem for which r(t) = #(x0, t) will denote the 
solution value at x0 , x0 > 0. 
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LEMMA 4. Assume Al holds and that oZ(F([, t)) + 0 us t + CC. Then 
uyF(J(i), t)) -+ Ofor t + co. 
Proof. From [3], there exists an asymptoticy(co) solution of the averaged 
problem. Furthermore, from the continuity of $(F([, t)), for t sufficiently 
large the quantity 1 $(F( r(t), t) - u2(F( ~(a, t))l is arbitrarily small, and 
from the assumption that u2(F) --, 0 for t + CO, we conclude that the 
quantity u2(F( y(t), 2)) + 0 for t -+ 00. WC now consider the stochastic 
problem (a)-(f) as compared to (r)-(t). 
THEOREM 4. Assume Al-A2 hold and that 
(34) 
(a’) G(F([, t)) -+ 0 us t -+ 00, 
(b’) I dk w) - &t)lLz ---f 0 m t - 03. 
Then, 
I VP, w) - Y(M* c: 1 for each t > 0. 
Proof. By definition and denote 
w> = 4(t) - m7 
E(Y(4 WI - u(t))’ 
= WW)2 + 2E (WI jot Wo > t - W(Y(T, w),T> - Fo(A7), 4,) 
+ E (jot Wo , t - W(Y(T, a~>, 7) - Fo(j(4,~)) d+
Clearly, the first factor tends to zero for t --f co. Moreover, the second 
factor tends to zero for by Schwarz inequality 
(E(W) - &t)>2>1’2 0 jE (jot Q, , t - W(Y(T, w), 7) - r;,(y(~), ~1)~) /1’2, 
(35) 
the first factor tends to zero while the second is bounded. The third term is 
E 
(I ’ K(xo , t - T)(%+, W), 7) - F(j(T), T) + F(j+), T) -Fo(y(T), 7)))’ 0 
< (S t @o, t - T) E(F(y(7, W), 7) - F(j(T)& 0 
+ jot K(xo 3 t - T) E(F(Yb)> T> - F,(Y(T)))Y)L2 . 
From Lemma 4, we see that it is sufficient to examine the term 
E 
(I t K(x, > t - 7) V’(Y(T, W), T) - F(y(T). 7))~~)~ dT. 0 
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For t sufficiently large and by the Schwartz inequality, we obtain 
QJ(4 WI - rw < ff + EG4(W) (L’ qql , t - T)(E I y 
Here •~ + 0 for t + CO. Let$(t) = E(y - J)“, then 
or 
or 
- T) dr 
- j ,2)1i2)2. (36) 
whence 
Hence, 
supg(t) < 1 
r>o 
or I r(4 w) - lP)lc < 1, 
thus completing the proof. 
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